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Abstract. The aim of this paper is to show how (5— characters of Abehan 
varieties (in the sense of jJI) can be used to construct 5— modular forms of 
weight and order 2 (in the sense of which are eigenvectors of Hecke 
operators. These (5— modular forms have "essentially the same" eigenvalues as 
certain classical complex eigenforms of weight 2. 



1. Introduction 

The concept of S— modular form was introduced in 0. Very roughly speaking a 
level one (5— modular form of order r is a "homogeneous" function of plane elliptic 
curves y — x + ax + b (where a, 6 G i? := ) that can be written as a p— adic 
restricted power series in a,b,6a,Sb, ...,S^a,S^b,A~^, where A := 4a'^ + 27b^ and 
S^a,d^b are the iterated "Fermat quotients" of a,b with respect to p. We recall 
that 5x := (0(a;) — xP)/p, where (j) : R ^ R is the lift of the p— power Frobenius on 
R/pR. Morally one may view S as an arithmetic analogue of a derivation (acting on 
"numbers" rather than "functions" ) and one may view 5— modular forms as "non- 
linear arithmetic differential operators of order r" acting on pairs (a, 6). We shall 
review this concept presently, from a slightly different (but equivalent) viewpoint. 
There is a level N generalization of this. Also there are Hecke operators T{1) acting 
on (5— modular forms (where I are primes with (/, Np) — 1) so one can talk about 
6~ eigenforms (for all these T(Z)'s). Finally one can attach, to 5— modular forms 
of order r, S~Fourier expansions which are series in the variables q,q', ■■■,q^''\ For 
applications of our theory we refer to [3, 

There is an "easy" way to construct ^— eigenforms by considering /—linear com- 
binations of "(/)— powers" , f^^ , of classical (complex) eigenforms / where / is the 
ring generated by the isogeny covariant (5— modular forms (in a sense generalizing 
that in 5 ). A natural question is whether all 5— eigenforms can be obtained in 
this way. As we shall see in this paper the answer is no. Indeed, we provide, in 
this paper, a construction of 5— eigenforms /" of weight and order 2 that have 
"essentially the same" Hecke eigenvalues as certain classical eigenforms / of weight 
2 (and order 0). As we shall see, forms of weig ht (such as /») are never /—linear 
combinations of forms f^^ . Having constructed the forms /" one can ask, of course, 
if any (5— eigenform is an /—linear combination of forms f^^ and (/'*)"^ ; at this 
point it is not clear what to expect. 

The (5— Fourier expansion of /" will be related in an interesting way to the Fourier 
expansion of /. Indeed, if / = '^^n?" is a (classical) newform of weight 2 on ro(A) 
(which is not of "CM type") with Fourier coefficients a„ S Z, then the (5— Fourier 
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expansion of will be a series f^{q, q' , q") in 3 variables q, q' , q" which, after the 
substitution q' = q" = 0, becomes equal to the series 



^-^ n 

{n,p) = l 



(A similar, but more complicated statement holds for / of "CM type".) The series 
f^~^^ is, of course, not the Fourier series of any (classical) eigenform but, rather, 
a p— adic modular form in the sense of Serre; cf. [21], P- 115. Note that, viewed 
as a function of elliptic curves in the sense of Katz the p— adic modular form 
f'^~^^ does not extend across the "supersingular disks" because, if this were the 
case, f^~^^ would define a non-constant function on a projective modular curve. 
On the other hand, remarkably, the (5— modular form does extend across the 
"supersingular disks" (this being the case with any (5— modular form). One may 
ask if, in spite of this phenomenon, /" is, neverthless, a linear combination, with 
isogeny covariant coefficients defined outside the supersingular disks, of 0— powers 
of /(~^); we will show that this is not the case. 

The idea in our construction of the forms /'* is to use the Eichler-Shimura con- 
struction for the /'s in conjunction with our theory of 5— characters introduced 
in [3]. (Roughly speaking ^— characters are homomorphisms from the group of 
i?— points of an Abelian variety to the additive group of R which, in coordinates, 
are given by expressions involving the coordinates of the points and their iterated 
Fermat quotients. They are arithmetic analogues of the Manin maps introduced by 
Manin in the context of the Mordell conjecture over function fields ^Ij.) Then our 
forms will arise by composing certain 5— characters of the modular Jacobians 
Ji{N) with the Abel-Jacobi maps Xi{N) — > Ji{N) that send a fixed cusp into 0. 

Here is the plan of this paper. In Section 2 we review (and slightly extend) 
the concept of 5— modular form and Hecke operators in [S]. Then we state one 
of our main results about the existence of the forms /" and their independence 
from /. In Section 3 we review results of Eichler-Shimura and Manin-Drinfeld. 
Section 4 reviews 5— characters |3] and examines the existence of eigenvectors in 
the space of 5— characters. In Section 5 we conclude our construction of the forms 
it will turn out that the forms /" "vanish at all the cusps". In Section 6 we 
introduce 6— Fourier expansions at oo and we compute them for our forms In 
Section 7 we use (5— Fourier expansions to prove, in particular, the independence 
of /« from /(-I). In Section 8 we use 5— Fourier expansions to compute the effect 
of (5— Serre operators (in the sense of |H]) on f^. In Section 9 we prove that the 
(5— Fourier expansion of /" is in the domain of definition of the (partially defined) 
Hecke operator T{p)^ and is an eigenvector of this operator. We end the paper by 
stating a result (whose proof will be given in a subsequent paper 0) saying that 
5— modular forms which "vanish at the cusps" and are in the domain of definition of 
T{p)oo automatically arise from composing 5— characters of the modular Jacobians 
with Abel-Jacobi maps. This is, in some sense, a converse of our existence results 
for the forms /" in the present paper. 

Acknovirledgement. While writing this paper the author was partially sup- 
ported by NSF grant DMS 0552314. 
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2. Main concepts 

2.1. Prolongation sequences. Our main reference here is 5 . We fix, throughout 
this paper, a prime integer p > 5. Let Cp{X, Y) e Z[X, Y] be the polynomial with 
integer coefficients 

P 

A p~ derivation from a ring A into an A— algebra 1^9 : yl ^ i? is a map S : A —> B 
such that (5(1) = and 

S{x + y) = Sx + Sy + Cp{(p{x),(p{y)) 

5{xy) — ip{x)P ■ Sy + (p{yY ■ 5x -\- p ■ 5x ■ Sy, 

for all x,y €z A. Given a p— derivation we always denote hy (j) : A B the map 
4>{x) — LpixY + p5x] then is a ring homomorphism. A prolongation sequence is a 
sequence S* of rings 5", rt > 0, together with ring homomorphisms (p„ : S*" — > S*""*"^ 
and p— derivations (5„ : S*" S"~^^ such that o (p„ = ipn+i ° Sn for all n. We 
usually denote all ipn by c/? and all Sn by (5 and we view S*""*"^ as an S""— algebra via (p. 
A morphism of prolongation sequences, u* : S* S* is a sequence u" : S*" ^ 5" 
of ring homomorphisms such that Sou" = o S and ip o u"' ~ o 

Let be the ring of polynomials Z[(/)] in the indeterminate (j>. Then, for w — 
Si=o ^i'P^ ^ deg{w) := ^ Oi. If a,- we set ord{w) — r; we also 

set ord{G) = 0. For w as above (respectively for w S W+ :— {^bicf)^ \ hi > 0}), 
S* a prolongation sequence, and x G (5'")'* (respectively x S S''') we can consider 
the element x"" := fll^o '^''(«)"' (5"')'' (respectively a;'" e S"^). We let 
TV(r) := {w eW \ ord{w) < r}. 

Let R := i?p Z^"" be the completion of the maximum unramified extension of 
Zp. Then R has a unique p— derivation S : R ^ R given by (5x = ((/'(x) — xP)/p 
where : i? — > i? is the unique lift of the p— power Frobenius map on R/pR. 
One can consider the prolongation sequence R* where i?" = R for all n. By a 
prolongation sequence over R we understand a prolongation sequence S* equipped 
with a morphism R* — > S**. From now on all our prolongation sequences are 
assumed to be over R. 



2.2. (5— modular forms. Our main reference here is, again, [5]. We fix, throughout 
this paper, an integer > 1, not divisible by p. For any ring S let us denote by 
M(ri(A), S) the set of all triples {E/S,a,uj) where E/S is an elliptic curve, uj is 
an invertible 1— form on E, and a : {7i/NZi)s —fEisa closed immersion of group 
schemes (referred to as a ri{N) — level structure). Fix w ^ W with ord{w) < r. A 
S— modular form of weight w € W and order r on ri(A^) is a rule / that associates 
to any prolongation sequence S* of Noetherian, p— adically complete rings and any 
triple {E/S°,a,u;) G M(ri(A), S"^) an element f{E/S°,a,Lu,S*) G S"' such that 
the following properties are satisfied: 

(1) f{E/S'^,a,uj,S*) depends on the isomorphism class of {E/S'^ ,a,uj) only. 

(2) Formation of f{E/S°,a,uj,S*) commutes with base change u* : S* ^ S* 
i.e. 

f(E (g)so 5""/^°, a (S) S", u°*uj, S*) = u^'ifiE/S", a, oj, S*)). 

(3) f{E/S",a,Xuj,S*) = A-"" • f{E/S°,a,uj,S*) for aU A G (5'°)''. 
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We denote by M"^ {Ti{N), R,w) the i?— module of all J— modular forms over R 
of weight w ^ W and order r on ri{N). Then the direct sum 

Ar(ri(iv),i?,*) Ar(ri{N),R,w) 

w£W{r) 

has a natural structure of graded ring. We view M^(ri{N),R,*) as a subring 
of M^~^^{Ti(N), R, *) via (p and we have naturally induced ring homomorphisms 
(j> : M'-{Ti{N),R,*) ~> Ar+i(ri(iV),i?,*) sending any / e Ar{Ti{N), R,w) into 
/"^ := (/)o/ G M'-+^(Ti{N),R,(l3w); for w = ^ 0^0* S we write rK/"^')"'- 
The rings M^{ri{N),R,*) are integral domains. Their union will be denoted by 

M°°(ri(iv),i?,*). 

We end our discussion here by noting that, by 6 , p. 252, the spaces Af''(ri(iV), R, w) 
embed into spaces of ordinary 5 ^modular forms, denoted by 

M:,^{Ti{N),R,w) 

and defined exactly as the spaces Af (ri(iV), i?, w) except that instead of the set 
M(ri(7V), S") one considers the set MordiTi{N), S") of aU tuples in M(ri(7V), S°) 
with ordinary reduction. 

2.3. i5— Hecke operators. Again, our main reference here is Assume S* is 
a prolongation sequence of Noetherian, p— adically complete rings, and let S be 
a finite etale over-ring of S"". Then, by [S], (1-6), there is a unique structure of 
prolongation sequence on S* (8)50 5^ := (S"* (8)50 S) compatible (in the obvious 
sense) with that of S* . Now let I be a prime integer not dividing Np. Let / € 
M^{Ti(N), R, w) be a (5— modular form. We can define a (5— modular form T{l)f G 
Af''(ri(iV), R, w) by the formula 

/ 

(2.1) {T(l)f){E/S\ a, c^, S*) = ^ o a, u„c^, 5* ^) 

where 5 is any finite etale over-ring of such that the group scheme of points 
of order I of E :— E ^go S is isomorphic to (Z/^Z)| (hence the elliptic curve E 

has exactly I + 1 finite, flat subgroup schemes Hq, ...,Hi of rank I), Ei = E/Hi, 
Ui : E Ei are the natural projections, and the Wi^w's are induced by to via pull- 
back to E followed by trace to the Ei's. In the above we can always assume S is 
Galois over S"". Note that {T{l)f){E/S'^,a,uj, S*) which is, a priori, an element of 
S"^ ®S0 S, actually belongs to S"^, and does not depend on the choice of S. 

We refer to the maps T{1) : Ar{Ti{N), R,w) Af(ri(iV), i?, w) as S-Hecke 
operators. Clearly these maps commute with (f>. For r = and w = m € Z one can 
normalize our T{1) in the classical fashion by considering the operators 

Tm{l) I'^-'Til) : AfO(ri(7V), i?, m) ^ Af "(Fi (iV), i?, m). 

2.4. Classical eigenforms. Our main references here are [201 Denote by 
S'm(ri(iV), C) the space of (classical) cusp forms of weight m on ri(A^) over the 
complex field C. On this space one has Hecke operators Tm{n) acting, n > 1. An 
eigenform f G Sm(ri{N), C) is a nonzero element which is a simultaneous eigenvec- 
tor for all Tra{n), n>\. An eigenform / = X)ii>i o.nq"' , a„ — an{f), is normalized 
if ai = 1; in this case Tm{n)f = an- f for all n > 1. One associates to any eigenform 
/ G Sm{Ti{N),C) its system of eigenvalues I i-> a/, {l,N) = 1. A newform is a 
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normalized eigenform whose system of eigenvalues does not come from a system of 
eigenvalues associated to an eigenform in Sm{ri{M), C) with M \ N, M ^ N. For 
any normalized eigenform / £ Sm{^i{N),C) one may consider the subring Of of 
C generated by all a„(/), n > 1; then Of is a finite Z— algebra and one denotes by 
Kf its fraction field. If Q > 1 is any integer we denote by O^^^ the subring of C 
generated by all ai{f), where I is prime, not dividing Q. 

We will later need to consider the subspace Sm(ro{N),C) of S'm(ri(Af), C) of 
all cusp forms of weight m on Tq^N). Recall that if / = X] an?" is an eigenform in 
5,„(ro(7V),C) then 

anma = anian2 for (711,^2) = 1 
(2.2) aii-iai — a;; + r"~^aji-2 for I prime, {l,N) = l and i>2, 
aii-iai = aii for I prime, l\N and i>2. 

2.5. (5— eigenforms. A non-zero 5— modular form h G M'^{ri{N), Rp,w) is called 
a 6— eigenform if T(l)h = Xi ■ h, Xi £ Rp, for all primes I not dividing Np. A 
(5— eigenform is said to belong (outside Np) to a (classical) normalized eigenform / — 
J2 dnQ^ & Sm{ri{N), C) if there exist a (necessarily injective) ring homomorphism 
X ■ O^J^^^ Rp and an integer e G Z such that A; = I'^xic-i) for all primes I not 
dividing Np. We then say that belongs to / with character x and exponent e. 

Note that x is uniquely determined by Indeed assume %, x' : O'^f^^'^ Rp 
are ring homomorphisms and e,e' are integers such that Z'^x(ai) — l'^ x'(aO for all 
primes I not dividing Np and assume X ^ x'. Then clearly e ^ e! . Set L :— 
le-e _^ ^ and, since x 7^ x'l one can choose a prime I not dividing A'^p such that 
ai ^ 0. Let $(t) = t'' + 6^^^ + ... + 6^ G Q[t] be the minimal polynomial of a/ 
over Q. Then both xi^i) and L • x(a/) are roots of $(i). Hence x('Jz) is a root of 
*(t) := $(t) - L-'*$(Lt) = fei(l - L-'y-\ Since ^-(0 has degree <d-l 

we must have 5'(<) = hence $(i) = t hence a; = 0, a contradiction. 

2.6. (5— eigenforms arising from classical eigenforms. There is an "easy" way 
to construct S— eigenforms belonging to classical eigenforms / by taking linear 
combinations of "(/)— powers of /" with isogeny covariant (5— modular forms (in a 
sense slightly generalizing that in [5]). In what follows we explain this construction. 
We should point out that the forms /" mentioned in the Introduction will be shown 
not to be obtainable via this construction. 

Let F e M'^{Ti{N),R,w) be a 5— modular form of weight w = J^^i'P^ on 
ri(A'). Assume deg{w) := is even. Generalizing the level one definition in 
we say that F is isogeny covariant if for any prolongation sequence S* , any triples 
{Ei,ai,LOi),{E2,a2,uj2) G M(ri(A^), 5*°), and any isogeny u : Ei E2 of degree 
prime to p, with wi — u*uj2 and u o ai = a2, we have 

F(^i, ai, c^i, 5*) = degiu^-ai^^'^ ■ F{E2,a2,uj2, S*). 

Example 2.1. By j^, p. 268 and Theorem 8.83, for each r > 1 the module of 
isogeny covariant i5— modular forms in M'^{Ti{N), Rp, —1 — (f>^) is free of rank one. 
Following [H] we shall denote by f^ = f^rys ^ basis of this rank one module. (So 
the upper r is an index, not an exponent. Recall from 1^ that f^ is constructed 
via crystalline cohomology.) 
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We denote by X C M^{Ti{N), R,*) the multiplicative system of all non-zero 
isogeny covariant (5— modular forms and by C X the multiplicative system gen- 
erated by all {f^)^ for r > 1 and s > 0. The i?— linear spans of 2 and J' will be 
denoted by / and J respectively. Then J is a ring, J is a subring of /, and it is 
tempting to conjecture ^0 that J ® Q — I (E) Q- 

Lemma 2.2. If F G M'^(Ti(N), R,w) is isogeny covariant and 

G e Ar'(ri(iV),i?, v) 

is any 6— modular form then, for any prime I not dividing Np, 

T{l){F ■ G) ^ r'^'^aM/^ . F ■ T{l)G. 

In particular, if G is a 5— eigenform belonging to the classical normalized eigenform 
f G Sm{Ti{N),C) with character x o-i^-d- exponent e then F ■ G is a S— eigenform 
belonging to f with character x and exponent e — '^'^sb") ^ 

Proof. This follows from a computation similar to the one in P], p. 125 (where the 
case N = 1 was treated). □ 

Now let / G 5'm(ri(7V), C), / = 'Y^OnQ^^ be a normalized eigenform of weight m 
and let p : O f[l/N, Cat] — ^ Rp be any ring homomorphism, where p does not divide 
N . Then, by the "g— expansion principle" ^OI, PP- 70 and 112, / naturally defines 
(via p) a rule f (compatible with base change and homogeneous of degree — m) 
that attaches to any algebra S and any triple {E/S,a,uj) G M(ri(Af), S") an 
element fP{E/S,a,uj) G S depending only on the isomorphism class of the triple. 
(Here it is essential that we have a fixed primitive TV— th root of unity p{Cn) in Rp-) 
Then induces a (5— modular form (still denoted by) G M^{Ti{N), Rp,m), of 
weight m, defined by the formula 

fP{E/S'',a,u:,S*) := fP{E / S\a,u). 

The composition fP'*'' := (/>> o fP is a well defined element of AP{Ti{N),Rp, cjj^w). 
There is an obvious compatibility between the classical and our Hecke operators 
Tm{l), which yields: 

T{l)fP't'' = {T{l)fPY' 
.2 3) = {l^~^'^Tm{l)fpr 

= i^-'^{T„S)fY^' 

= l^-^<P^{p{ai))- fP^' 

for all primes I not dividing Np. So we see that fP'^' is a 5— eigenform of order j 
and weight mcjy' which belongs to / with character (p^ o p and exponent e = \ — m. 

In particular, according to Lemma ii (ffi o p ^ p for some 6 > 1, and if a > 0, 
then any 5— modular function of weight w in the /—linear span of 

is a 5— eigenform belonging to / with character 0° o p and exponent 
(2.4) ^^^_m + deg{w)^ 
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Lemma 2.3. Let f £ S2{Ti{N),C) be a normalized eigenform and let f be a 
non-zero 6— modular form of weight 0. Then f cannot be in the I— linear span of 

{fPJPl>JP't>\fP^\...}. 

Proof. Assume the conclusion is false. We may assume f = J2^a ■ f^'^ , where Fa 
are isogeny covariant of weight —20". To get a contradiction we need to check the 
following: 

Claim. For any < a < r there are no non-zero isogeny covariant 6— modular 
forms in M'XTiiN), Rp, -2</.'^). 

We fix a and prove this claim by induction on r. Assume first r = a. If a = 
then the claim follows from 6 , Proposition 8.75. If a > 1 our claim follows from 
[S], Theorem 8.83, assertion 2. To perform the induction step assume r > a. 
Then, by 0, Corollary 8.40 and Proposition 8.75, ii h G M''{Ti{N),Rp,-2(j)<') is 
isogeny covariant then drh = where dr is the 5— Serre operator in loc. cit. This 
easily implies that h G Af" ^ (Pi ( A^), i?p, ~2(j)°-) and we conclude by the induction 
hypothesis. (The various results in 6 quoted above apply to our situation in view 
of [H], Proposition 8.22. Note also that the special case A^ = 1 of our claim was 
proved by Barcau 0.) □ 

2.7. Ordinary (5— modular forms arising from adic modular forms. The 

main refernces here are |23E1E1- Let g G Qp[[(7]] be a p— adic modular form of 
weight TO G Z in the sense of Serre. Fix a homomorphism p : Z[CAr, 1/A^] Rp- 
Then g induces a p— adic modular form gP of level A^, weight m and growth 1 in the 
sense of Katz TB"; cf. TT, Theorem 6.21, p. 158. On the other hand gP induces an 
ordinary (5— modular form (still denoted by) gP G M^^^(Pi(A^), Rp,m). So for each 
j > we may consider the ordinary (5— modular form gP'^^ G M^^^(Pi(A^), Rp, mcjy'). 

In particular, if / = o-nQ^ G 'S'2(Pi(A^), C) is a normalized eigenform of weight 
2 with a„ G Z then, by 21 , p. 115, the series 

/(-!)= y: -9" 

n 

{n,p) = l 

is a p— adic modular form of weig ht such that ro(0/'~^^ = l-'^aif'--^^ for / prime 
different from p. It immediately follows that 

fi-^)p^^ eMU^^iN),Rp,0) 

is, in the obvious sense, an ordinary ^— eigenform belonging to / with exponent 0. 
So any i?— linear combination of such forms will have the same property. 

Note that, if in the definition of isogeny covariant ^— modular forms, one replaces 
M(Pi(Af), by M.ord(ri(N), one obtains the notion of ordinary isogeny co- 
variant S— modular form. Let Tord be the multiplicative system of all such forms 
and let lord be the i?— linear span of lord- Then lord is a ring. 

Lemma 2.4. Let f G S'2(Pi(Af), C) be a normalized eigenform of weight 2 with 
On G Z and let f be an ordinary S— modular form of weight which is in the 
/ord^^i'^ear span of the set 

|j(-i)p^ f(-i)p'i>^ j(-i)p<^^^ j(-i)p?i=^ 1^ 



Then f is in the R— linear span of this set. 
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Proof. Let / = "^jFj ■ f^^^'>'"^\ Fj £ lord- Picking the weight components we 
may assume Fj have weight 0. So we are reduced to showing that any ordinary 
isogeny covariant (5— modular form of weight is a constant in R. This foUows from 
0, Propositions 7.21 (plus the Remark after it) and 7.23. □ 

2.8. The forms fK The main purpose of this paper is to provide a construction 
of 5— eigenforms of weight and order 2 belonging to classical eigenforms / of 
weight 2. As we shall see, the forms will be neither /—linear combinations of 
0— powers of / nor lord— linear combinations of 0— powers of /(-I). Here is one of 
our main results. This result will be complemented by other results later in the 
paper; cf. Remark |2 . 61 below. 

Theorem 2.5. Let f e 52(ri{iV), C) be a newform of weight 2 on ri(iV), iV > 4, 
and let g := [Kj : Q]. Then, for any sufficiently large prime p, and any embedding 
p : 0/[l/iV, Ctv] — Rp, there exist 5— eigenforms 

/«,...,/« eM2(ri(iv),i?p,o), 

of weight and order 2 on Ti{N), such that 

1) fj belongs to f with exponent 0, 

2) f] is not m the I-linear span of {fP, fP-^, /'"^', ...}, 

3) fl, f^ are Rp— linearly independent. 

Remark 2.6. 1) Assertion 2 follows directly from Lemma 

2) As we shall see, fj themselves should be morally viewed as a kind of "(5— cusp 
forms" in the sense that they "vanish at the cusps"; cf. Remark l5. II 

3) In case g = 1 (i.e. a„(/) e Q, equivalently a„(/) e Z) the form J** — /f 
will be essentially canonically associated to / and its S— Fourier expansion will be 
closely related to that of /; cf. Theorems 16.31 and 16.51 We will show that is not 
an linear combination of 0— powers of/(-i);cf. Theorem O Also we shall 
compute the effect of the S—Serre operators on /"; cf. Propositions 18.31 and l8.4l 

4) It would be interesting to extend the above Theorem to f's of higher weight. 

5) Let (7=1,/" := /f, and 0<a<6<r, r>2; then the (5— eigenforms 

(Z")"^ • /" and /"•/''• fP of order r have the same weight — (/)° — (j)'' and belong 
to / with the same character and same exponent e = 1. One can ask if these forms 
are i?p— linearly dependent. The answer is negative as one will see in Theorem l7.1l 

3. Review of Eichler-Shimura and Manin-Drinfeld 

We need to review some basic facts about modular curves. The references for 
this section are ^|El|20i|8j. Fix an integer N > 4. Then the modular curve 

(3.1) Y,iN)/Z[l/N] 

is the scheme whose S"— points {S any scheme over Z[l/Af]) identify with isomor- 
phism classes of pairs (E, a) where E/S is an elliptic curve and a : {Z/NZ)s E 
is a closed immersion of group schemes. Recall that Yi{N) is smooth affine of 
relative dimension one over Z[l/Af], with geometrically irreducible fibers. 
Let now I be a prime integer not dividing N. There is a scheme 

(3.2) Y,{N,l)/Z[l/Nl] 

whose 5— points identify with triples (E, a, H) where (i?, a) is as above and H is 
a finite flat subgroup scheme of E of rank I. Recall that Yi{N, I) is smooth affine 
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of relative dimension one over Z[l/iV/], with geometrically irreducible fibers. Over 
7i[l/Nl] one can consider the natmal projections 

ai,(72 :ri(A^,0 ^ Yi{N) 
(3.3) ai{E,a,H) - {E,a), 

a2{E,a,H) ^ {E/H,uoa), 

where u : E —^ E/H is the canonical projection. Moreover ai and (T2 are etale 
above Z[l/iVZ]. For details on the discussion above see ^Zj pp. 87, 117, 125, 129, 
[10|. pp. 69-72, [5], pp. 212-213. (For ai we use the convention in 'W rather than 
that in 

In what follows we need to consider the "compactified" situation. We assume 
> 4. Recall that Yi(N) is an open set in its Deligne-Rapoport compactification 
Xi{N)/X[l/N] which is a proper smooth scheme. Cf. ^OIj P- 79. The com- 
plex points of Xi{N)\Yi{N) are called the cusps of Xi{N) and they come from 
Z[l/iV, Cat] -points of Xi{N). As usual we denote by Ji(iV) the Jacobian of Xi{N) 
viewed as an Abelian scheme over Z[l/iV]. Let Xi(iV, Z)c be a smooth complete 
model over C of the complex curve Yi{N, l)c', the morphisms in Eauation l3.3l induce 
morphisms 

ai,(T2 :Xi(7V,0c -^^i(Af)c. 
These morphisms induce endomorphisms T{1)^, of Ji(iV)c as follows: if Z? is a 
divisor of degree on Xi{N)c and [D] is the point of Ji{N)c representing D then 



(3.4) T{l)4D] [a2.alD]. 

The endomorphisms T{1)^, have models over Z[l/iV] (arising from Neron model 
theory); cf. |H]. We will need the following basic construction due to Eichler- 
Shimura (cf. 0, p. 215, [U, pp. 241-242): 

Theorem 3.1. (Eichler-Shimura) Let f e S'2(ri(A'')), C) be a newform. Then 
there exists an Abelian variety A = Aq defined over Q of dimension [Kf : Q], 
a ring homomorphism l : Of ^ End{A/Cl), and a dominant homomorphism tt : 
JiiN)Q ^ defined over Q such that the following hold: 

1 ) For all primes I we have a commutative diagram 

Mn)q ^* Ji(iv)Q 

TT i i TT 

2) The image of the pull-back map 

TT* : H''{Ac,n) ^ H°{J,{N)c,n) ~ ^2(ri(A^))c 

is the C~linear span of {f^ \ a : Kf C}. 

3) If f £ S'2(ro(iV), C), g — 1, and p is a sufficiently big prime then Op equals 
the trace of the p~power Frobenius on the elliptic curve obtained by reducing A mod 
P- 

Remark 3.2. If g = 1 then A in the above Theorem is an elliptic curve over Q 
(which, by condition 2 in the Theorem, is uniquely determined by / up to isogeny); 
we say that / is of CM type or not of CM type according as A has CM or does not 
have CM. Assertion 3 in the above Theorem, appropriately reformulated, holds for 
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ri(A^) and arbitrary g; for our purposes here we will not need this more general 
statement. 

On the other hand we will need the following theorem due to Manin and Drinfeld 
(cf. [E] or [ini, p. 62): 

Theorem 3.3. (Manin- Drinfeld) If D is a divisor of degree on Xi{N)c supported 
in the set of cusps then its image [D] in Ji{N)c is a torsion point. 

4. (5-CHARACTERS 

We start by reviewing some concepts from [S] A 5—morphism of order r, 
f : X ^ Y, between two i?— schemes is a rule that attaches to any prolongation 
sequence S* of p— adically complete rings a map fs* ■ X{S'^) Y{S^) which is 
functorial in S*. In the special case when X is smooth over R and Y — is 
the afhne line any (5—morphism f : X ^ — A]j is completely determined 
by the map f^* : X{R) A^{R) = R. We denote by 0''{X) the ring of all 
(5— morphisms X — > A^ of order r. Assume that G is a smooth group scheme over 
R. A 5-morphism / : G ^ A^ = Ga for which /j^. : G(i?) ^ Ga(i?) = i? is 
a group homomorphism into the additive group of R is called a S— character. We 
denote by X''(G) the i?— module of (5— characters of G of order r. 

Theorem 4.1. |3j Let A be an Abelian scheme over R of relative dimension g. 
Then (r — l)g < rankiiXT {A) < rg. 

Proof. This is contained in W, pp. 325-326. □ 

As explained in the (5— characters ip : A ^ Gq of an Abelian variety should 
be viewed as arithmetic analogues of the Manin maps in 14 ; Manin maps are 
homomorphisms A{L) — )■ L defined for any Abelian variety A over a field L of 
characteristic zero equipped with a non-zero derivation D : L L. In our theory 
the role of the derivation D is played by the p— derivation 5. 

Remark 4.2. For > 4 the description of points of Yi{N) immediately implies 
that we have an identification 

(4.1) M'-(ri(Ar),i?,0)~O'^(ri(A^)fl). 

More generally, the spaces W {Ti{N), R,w) and Ml^^{Ti{N), R,w) identify with 
the spaces My^f^j^-^^iw) and My^^^-j^ ^{w) in p. 251, respectively. 

The above suggests the following: 

Definition 4.3. A ^-modular form / e W {Ti{N), R,0) ~ 0''{Yi{N)i^) is called 
5-holomorphic if it lies in the image of 0''{Xi[N)r) -> 0''{Yi{N) li) . If p : 
Z[l/A^, Qm] — * i? is an embedding then the cusps of Xi[N)ji (with respect to p) are 
the i?— points oi Xi{N)ii obtained as images, via p, of the cusps of Ari(A^)c (viewed 
as Z [1 /A'', C^at]— points). A (5— modular form / e M^{Ti{N),R,Qi) is a 5— cusp form 
(with respect to p) if it is (5— holomorphic and it vanished at all the cusps of Xi {N)]i 
(with respect to p). 

Remark 4.4. For the next Proposition and its proof it is useful to introduce some 
terminology and record some facts about it. If is a field, V is an n— dimensional 
if— linear space, and T g End{V) then, by the eigenvalues of T on V wc mean 



DIFFERENTIAL EIGENFORMS 



11 



the eigenvalues (in an algebraic closure K"^ of K) of any matrix in Matn{K) rep- 
resenting T. If C y is a subspace with TW C W then all eigenvalues of T on 
W and all eigenvalues of T on V/W are also eigenvalues of T on If L is a field 
extension of K we say that T G End(V) is diagonalizable over L if V ®k L has an 
L— basis consisting of eigenvectors of T. More generally, Ti, ...,Ts e i?nc?(y) are 
said to be simultaneously diagonalizable over L if 1^ ®k -/j has an L— basis consisting 
of common eigenvectors of Ti, ...,Tg. We will use the following trivial facts: 

1) r is diagonalizable over K"^ if and only if the minimal polynomial of T on 
V ®K K"^ has simple roots only. 

2) If T is diagonalizable over K"^ and all its eigenvalues are in K then T is 
diagonalizable over K. 

3) If Ti, ...,Ts are pairwise commuting and each of them is diagonalizable over 
K then Ti, ...,Ts are simultaneously diagonalizable over K. 

Proposition 4.5. Let A/R be an Abelian scheme of relative dimension g and 
Ti,...,Ts G End{A/R) be commuting endomorphisms each of which annihilates a 
polynomial with Ti— coefficients with simple complex roots only. LetT be the subring 
of End{A/ R) generated by ti, ...,Ts and let K be the fraction field of R. Assume 
the tangent maps dri,...,c?rs G End{Lie{AK / K)) have all their eigenvalues in K. 
(Here we view Lie^Ax/K) as the tangent space to Ak at the origin.) Then there 
exist R— linearly independent 5 —characters ipi, ...^tpg : A ^ Ga of order 2 and ring 
homomorphisms x^t--tX^ ■ ^ ~* R such that ipj o t — Xji^) ' V'i for all t G T, 

Proof. Let the formal group A^"^ of A be identified with Spf R[[x]] where x — 
{xi, ...,Xg} are some variables. Let L — {Li, .-.^Lg) G iir[[x]]^ be the logarithm of 
the formal group law of A with respect to x. Let x' and x" be additional 5— tuples 

of variables and let if[[a;]] ^ K[[x, x']] K[[x^ x', x"]] be the ring homomorphisms, 
extending (j) : R ^ R, defined by (j){x) = x^ +px', 4){x') = {x'Y + px" . By The- 
orem 14.11 we have rankRX'^{A) > g. Note that End{A/R)''P acts on X'^{A) (and 
hence on X^(A) (g) K) by the formula (r, -0) ^ t*?/; := ip o t, t e End(A/R). On 
the other hand End{A/ R)°p naturally acts on i?[[a;]] via (r, x) 1-^ t*x and one can 
extend this action uniquely to an action on i4r[[ 

]] = K\\x , 4){x) , (fP {x)]] such 
that the induced endomorphisms r* on the latter ring satisfy 4){t*G) — t*{4>{G)) 
for all G G /'ir[[a;, x']]. By j^. Lemma 2.8, there exists an injective if— linear 
£'nci( A/i?)°^'—equivariant map X^(A) ® K ^ K[[x,x' ,x"]] whose image lies in 
the if— linear space 

9 

(4.2) V := -U+K- ^{L,) + K ■ (f{L,)). 

i=l 

The logarithm L ; A-^j^^ isomorphism of formal groups over K 

hence, in particular, the endomorphisms : A^""^ — > A^"'' induce, via L, endo- 
morphisms of (G{°^)^, hence matrices M{Ti) = (mjs{Ti)) G Matg{K) satisfying 



(4.3) 



g 
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On the other hand, taking the Lie functor we get commutative diagrams 

Lie{AK/K) ^ Lie{A^j^^) Lie{Gi°],y 
dTi [ dni i M{Ti) 

showing that the endomorphisms dri on Lie{AK / K) can be represented by the 
matrices M{Ti). Since all eigenvalues of dri on Lie{AK / K) lie in K the same is 
true about the eigenvalues of the matrices M{Ti). On the other hand Equation ^31 
implies that 

i5 = l 

for e = 1, 2. Hence act on the space V in Eauation l4.2l via a matrix of the form 

" M(t,) 
(jjMin) 
02M(t,) 

The above matrices have all their eigenvalues in K. We deduce that all the eigen- 
values of Ti on X^(A) ® K are in K. On the other hand, since each annihilates 
a polynomial with Z—coefficients having simple complex roots only, the same will 
be true about acting on V hence the minimal polynomial of on V ®k K"' has 
simple roots only so the minimal polynomial of t; acting on (A) (g) K"^ has simple 
roots only. So acting on X.'^{A) ® K is diagonalizable over if" (by Remark 14.41 
assertion 1) hence over K (by r!,emark l4.4l assertion 2). Then, by R,emark l4.4l asser- 
tion 3, Ti, Ts acting on X^(y4) (g) K are simultaneously diagonalizable over K. So 
there exist at least g if— linearly independent (5— characters i/'i, V'g G ^^(^) 
such that T*ipj = Xij ■ Tpj, Xij £ K. Multiplying by a power of p we may assume 
G X^(A). Now, since End{A/R) C Aiai2g(Z), Ti are integral over Z hence so 
are the A^j's. Since R is integrally closed, Xij G R. Clearly then, for r G T, we 
have T*'ipj = X'' {''') ' i-'j fo^' some %"'(''') G R ^-iid x' defines a ring homomorphism 
T ^ R. □ 



5. Proof of Theorem 12.51 
Fix a cusp of Xi{N)c and consider the morphisms 

(5.1) Xi{N)c ^ Ji{N)c ^ Ac, 

where (3 is the Abel-Jacobi map sending P° i-* and A is as in Theorem 13. II Let 
M S Z be divisible by N such that the embedding l : Of End{A), all the cusps 
of Xi{N)c and all the objects and morphisms in Equation 15. II have (compatible) 
models over Z[l/M, Cjv]. 

Let p £ Z be any prime not dividing M and unramificd in i^ := Kf{(N) where 
Kf is the normal closure of Kf in C. Assume we are given an embedding p : 
Of[l/N, Ctv] -> Rp = T^J- The latter can be lifted to an embedding ~p : Of[1/M] 
Rp where Of is the ring of integers of F. Then the morphisms in Eouation 15.11 
induce (by base change via p) morphisms of i?p— schemes 

(5.2) X,iN)R^ A MN)n, ^ Ar^. 
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Select primes h, ...Js not dividing Np such that the endomorphisms 

T{h),,...,Tih), 

of Ji(A^)/Z[l/A^] generate the subring 

Z[r(/')* I I' prime not dividing Np] 

of End{Ji{N)/Z[l/N]). Let T^^p) be the subring of End^AnJ Rp) generated by 
iiaii) with V prime not dividing Np. Clearly T'^^p^ is generated as a ring by 
t(aij, ...,i(a;J. 

Claim. Each of the maps d{L{ai^)), d{L{ai^)) G End{Lie{AKp/ Kp)) has all 
its eigenvalues in Kp, the fraction field of Rp. 

Indeed an eigenvalue of d(t(ai J) on Lie{AKp/Kp) is also an eigenvalue of d{L{ai.)) 
on Lie{AQ/Q) hence on H'^{Ac, By the Eichler-Simura Theorem l3. li the latter 
identifies with the C— linear span Vf of {/"' | a : Kj C} and the action of 
d{L{ai-)) corresponds to the action on Vf of T2{li). But the eigenvalues of T2(Z,;) on 
Vf are clearly ya Kf and our Claim is proved. 

Now each ai-, being an element of the field Kf, annihilates a polynomial with 
Z— coefficients having simple complex roots only. Hence the same is true about 
i(a/.). By Proposition 14.51 there exist g = [Kf : Q] i?p— linearly independent 
(5— characters of order 2, 

(5.3) iJi, Vff : Ar^ Ga,R^ = A]^^ 

and ring homomorphisms x^, : T'-^^^ —> Rp such that for any prime I' not 

dividing Np we have 

We may then consider the (5— morphisms of order 2, 

(5.4) /| :=7/;,o^o/3:Xi(iV)fl^ ^ A),^, j = l,...,g. 

Their restrictions to Yi{N)r^ can be viewed as (5— modular forms of weight 0. 

Let now F' be a number field containing F, let v' be a valuation on F' above p 
and let P be any point of Yi{N) where Op'.v' is the valuation ring of F' at 

v'. Since Of[^/MI] C Of'.v' all cusps of Xi{N) are Of',v'— points and T{1)^, has a 
model over Op'.v'- So one may write 

;+i i+i 

i=l i=l 

where are distinct Opu^yii— points of Xi{N), Opn ,„n an unramified finite exten- 
sion of Opi ,v' ^ and P° are (a priori not necessarily distinct) cusps of X\{N^ so they 
are Of',?;'— points. So, for I prime, not dividing Np, Eg nation 13 . 41 vields 

i+i /+i 

(5.5) T[i)mp)) = E " E /^(^°)- 

2=1 1=1 

Choose now an embedding Op" ,v" Rp extending the fixed embedding Of[^ /M] 
Rp above; in particular the points Pi and P° can be viewed as Pp— points of Xi{N). 
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By Theorem 13.31 f3{P^) are torsion points hence their image via V'j o tt is 0. Using 
this and the fact that ipj and tt are homomorphisms, we get, by Eauation l5.5l 

(5.6) = eS/](^.) 

On the other hand, using Theorem l3.1l we get 

(5.7) ^,nT{lUP{P)) = ^,iiiai)nPiP)) = x' i>^{ai)) ■ 
Eg nations 15.71 and 15 . 61 imply that 

(5.8) (T(0/|)(P)=x^'(^(aO)-/*(n. 

In the above equahty P has coordinates in Of',v'- Since F' and v' are arbitrary, 
and since, by smoothness, the image of 

F',v' 

is p— adicaUy dense in Yi{N){Rp) it foUows, by continuity, that Eauation 15 . 81 holds 
for any point P of Yi{N). This implies that T{l)fj — Xj(a/) . where Xj ■ 
Qi^p) _^ jg ^]^g composition 

To conclude it is enough to check that f\, are linearly independent. As- 
sume E Cj/| — 0, Cj G Rp. For large n, the image of the natural map 

Xi{N){Rpr ^ ,h{N){Rp) 

contains all the i?— points of an open subset U of Ji{N). It follows that the restric- 
tion of (E CjV'j) o TT to U{Rp) is 0. This immediately implies that Cj^j) o tt = 0. 
Hence ^ CjV'j = which implies Cj = for all j. This ends our proof. 

Remark 5.1. Note that the 5— modular forms /| constructed above are 5— cusp 
forms (with respect to p) in the sense of Definition 14.31 Indeed /| come from 5— 
morphisms 

so they are (5— holomorphic. Now, by the Manin-Drinfeld Theorem 13.31 the images 
of the cusps in Ji{N){R) via the Abel-Jacobi map 

(3 : XiiN){Rp) ^ Ji{N){Rp) 

are torsion points. On the other hand 

^ott: JiiN){Rp) Ga,R^{Rp) = Rp 

is a homomorphism with torsion free target so it vanishes on torsion points. 
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6. (5-FOURIER EXPANSIONS 

We start by recalling the background of classical Fourier expansions; cf. 
p. 112. (The discussion in loc. cit. involves the model X^{N) instead of the 
model Xi{N) used here but the two models, and hence the two theories, are iso- 
morphic over Z[l/A^, ^jv] cf. p. 113.) There is a point Soo : Z[l/Ar, Cw] 
^i(-^)z[i/Ar,CN] arising from the generalized elliptic curve Pzii/N Cn] ^^^^ canon- 
ical embedding of fJ-N, zii/n,Cn] — {'^/^'^)z[i/NXNh complex point correspond- 
ing to Soo is the cusp ri(iV) • oo. The map Soo is a closed immersion; denote by 
-^i(^)z[i/Ar,Civ] completion of Xi{N)2,[i/nXn] along the image of Soo- Now 
consider the Tate generalized elliptic curve 

Tate{q)/Z[l/N,CN]M]; 

it has a canonical immersion acan of ^J,N,z[l/NXN] — {^1 ^'^)'L[i/n,Cn] there is 
an induced map Spec Z[l/iV, Qjsi] — > Xi{N)'z,[i/n,c,n\ (which further composed with 
Spec Z[l/iV, ^7v] — > Spec Z[l/iV, CAr][[g]], 9 0, equals Sqo). There is an induced 
isomorphism 

(6.1) Spf Z[l/7V,CAr][[g]] ^ X,{N)x[i/NXM- 

There is a canonical 1— form LOcan on the elliptic curve T ate{q) / 'L[l / N , Qn]{{(i)) over 
Z[l/7V,CAr]((g)) Z[l/iV,Cw][[g]][l/g] such that the induced map 

^2(ri(iV), C) ^ C((g)), f^foo:= fooiq) := f{Tate{q)/C{{q)),a,an,uj,an), 

has image in (7C[[(7]] and is the classical Fourier expansion at the cusp ri(A^) • oo. 
(Here we interpret / as a function of triples in the style of [IBj.) 

Next we move to the 5— theory. Fix a prime p not dividing N and fix a homo- 
morphism p : Z[1/7V, ^^v] ^ Rp- We may consider the prolongation sequence S^ 
defined by 

^;,:=i?p((g))lg',g",...,gMr, 
where ' means p— adic completion and q',q", ...,(7'-''' are new indeterminates; S^^ 
is viewed as an S"^— algebra via the inclusion and the p— derivations S : S^ —> S^^ 
are the unique p— derivations satisfying Sq^^^ — q^^^^\ Explicitly, they are defined 
as follows. First extend (p : Rp ^ Rp to ring homomorphisms (p ■ S'^ — *■ S"^^ by 
requiring that 

(6.2) ^{q):^qP+pq', <f>{q') := [q'f + pq" , ... 
and then define 5 : S^ S^^ by 

(6.3) SF 

P 

Finally define the Fourier expansion map 

Eoo,p : A/r(ri(7V),i?p,«;) S^,, / ^ E^^) = /-.p, 
by the formula 

/oo,p foc^p{q,q', ■■■,q^''^) := f{Tate{q)/Sf^^,acan,i^can,S^). 

Note that if / £ S'„i(ri(A^), C) is a newform and p : Of[l/N,(N] Rp extends 
the homomorphism p : Z[l/iV, C^v] — > Rp above then, by functoriality, {f^)oo,p{q) = 
(/00(g))'', where (/'')oo,p('7) is the 5-Fourier expansion of fP e M''(ri(iV),'i?p, m) 
and (/00(g))'' is the image of the classical Fourier expansion /00(g) G C'/IM] via the 
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natural map p : Of[[q]] Rp[[q]]. If Of ~ Z wc simply have {foo[q)y = foo{q)- 
Also note that the (5— Fourier expansion map commutes with i.e. {f'^)oc,p — 

(/oo,p)"^- 

Lemma 6.1. (S— expansion principle) The S— Fourier expansion map 

E^,p:Rr{Ti{N),Rp,w)^Sl, 
is injective, with torsion free cokernel. 

Proof. This follows from 6 , Proposition 4.43, by "taking fractions" with denomi- 
nators powers of a local equation defining the cusp oo. □ 

For two elements F, G G S^^ we write F ^ G \i F ^ \ - G with A G i?^ and we 
write F ~ G if the images, 

F,Ge5;,®fc = fc((q))[g',g",...,gW] 

of F and G satisfy F = c • G for some c ^ , k :— Rp/pRp. Let 

L 

.9^ 



vf = q') ■.= -.log(l+p^\= ^(-1)- y-ln-^ £ i?p((g))1gT- 



ri=l 



Then the (5— Fourier expansion of — flj.yg £ M''(ri(iV), —1 — (f)^) is given by: 
Lemma 6.2. [T] 

/n particular 

7^P- [^J ek{{q))[q',...,q^% 

Next we would like to compute the (5— Fourier expansion of the forms = /f in 
Theorem 12.51 for 5 = 1. 

Theorem 6.3. Let / = o,nq" S S2{To{N), C) 6e a newform with Kf = Q which 
is not of CM type. Then, for any sufficiently large prime p and any embedding 
p : Z[l/A^, Cat] — > Rp there is a unique 5—eigenform /" £ M^{Ti{N), Rp,0) with 
5— Fourier expansion: 

(6.4) fljq, q\ q") = ^ ^ ^{q^^' - Opq-f + pq^) £ q'T ■ 

Moreover /" is a 5~cusp form (with respect to p) belonging to f with exponent 
and 

(6.5) /i,,(g,0,0)= %"ei?p[M]. 

(n,p) = l 



Remark 6.4. 1) Explicitly, in Eauation l6.4l we have: 

2) Uniqueness of /" follows, of course, from the (5— expansion principle (Lemma 
lOl . 
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3) The series 
(6.6) ^ 

(n,p) = l 

is normalized and has coefficients in Z(p) but not aU its coefficients are in Z. Indeed 
if the latter were the case then any prime I ^ p would divide a; . Since, for big enough 
I, ai are the traces of Frobenius of an elliptic curve A over Q taken modulo I it would 
follow that A has supersingular reduction for sufficiently big I, a contradiction. In 
particular the series is not a (classical) eigenform. 

Proof. We begin with a preparatory discussion; in this discussion we will not assume 
yet that / is not of CM type (for we will use this discussion later in case / is of 
CM type). We place ourselves in the context of the proof of Theorem 12.51 Since 
Kf = Q the field F in that proof equals Q(CAr)- Also we let (3 : Xi{N)c ^ Ji{N)c 
be the Abel-Jacobi map that sends the cusp P° = oo into 0. One can choose A in 
Theorem 13. II and hence in the proof of Theorem 12. 51 such that 

$ := 7ro/3 : Xi{N)c ^ Ac 

satisfies 

^*ujj^ — c ■ 27ri • f{z)dz = c ■ anq"'~^dq, 

71>1 

where is a 1— form on A over Q, q — e^'^'^ and c G Q^. Cf. [Sj, p. 19. Let 
T be an etale coordinate around the origin of A such that T vanishes at 0. Let 
L{T) £ Q[[?^]] be the logarithm of the formal group of A associated to T; cf. |22j . 
Then uja = uj{T)dT S Q[[T]] -dT; replacing uja by a —multiple of it we may (and 
will) assume tt'(O) — c. Let m e Z be such that Xi{N), A, T, oja have (compatible) 
models over Z[l/r7i]. Then P" and <& are defined over O := Z[l/7Vm, (n]. We have 
an induced homomorphism $* : 0[[T]] 0[[q]] and we set <i>*(T) = ip{q) e 0[[q]]. 
Since uja — c ■ ^ ■ dT we get 

c • (E anq''-')dq - ^*CJA = c ■ ^{^[q)) ■^iq)-dq^c- ^[L{^{q))). 

n>l 

Setting q — {) in the coefficients of dq we get that ^(0) 1. Also we deduce that 

n>l 

Now, for p sufficiently large, p : Z[1/N,(^n] — > Rp induces a homomorphism p : 
Z[l/NmXN]^ Rp- 

From this point on we assume / is not of CM type. Since A is not a CM elliptic 
curve it follows that Aji^ does not have a lift of Frobenius (i.e. there is no morphism 
of schemes (j) : A ~> A over Z lifting the morphism Spec Rp — > Spec Rp induced 
by 4> such that the reduction mod p of is the p— power Frobenius on Af{ fc.) 
Since Aji does not have a lift of Frobenius, by jS], Theorem 7.22 and 4 , Theorem 
1.10, one can assume the 5— character in the proof of Theorem 12 . 51 gives rise to 
the series (still denoted by) 

= i((/.' - ap^ + p)L{T) £ Rp[[T]][T',T"r, 
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where </> is viewed here as naturally extended to series with iiT— coefBcients. Then 
the (5— Fourier expansion of the form := ff provided by the proof of Theorem 
12.51 equals 



(6.7) 



1(^2 _ p)(L(^(g))) ^ 1(02 „ a,4, + p) (e„>i ^g") 



p 



= iE„>ilf(9"^'-«p9"^+M") 

and our Equation 16 . 41 follows . 

Setting q' = q" = in this equation we get 

/i.p(9,0,0) = -Y, ^{q'^P' - apq^^P+pq") = Y.c,,q\ 

^ n>\ c>l 

p \ n/p'^ n/p n 

Here, by definition, a^; = for x G Q\Z. Note that for p not dividing n we get 
Cn = dn/n. For n = pm with p not dividing m we get 



^m^p 



= 0. 



n pm 

For n = p^m with p not dividing m and i > 2 we get, by Eauation l2.2l that 

Cn = —r-, 1 = (pa„.-2 - a„i-iap + ap.) = 0. 

Eg uat ion 16.51 follows . □ 

In the CM case we have the following: 

Theorem 6.5. Let / = X) '^n'?" ^ S2{To{N), C) be a newform with Kj = Q which 
is of CM type (corresponding to an imaginary quadratic field IC). Then, for any 
sufficiently large prime p and any embedding p : Zi[l/N, ^jy] ^ Rp there is a unique 
S—eigenform 6 AI^{Ti{N), Rp,0) such that the following hold: 

1) If p does not split in K- then Equation \6.4\ holds (with Op ~ 0). 

2) Ifp splits in IC and ifpu is the unique root inpTip of the polynomial —OpX+p 
then the following equation holds: 

(6.8) fljq, q\ q") = i ^ ^(q"^ - puq^) G i?,((g))1g', q'T ■ 

^ n>l 

Moreover is a 5— cusp form (with respect to p), belongs to / with exponent 0, 
and the following hold: 

1') Ifp does not split in K, then Eauation \6. 5\ holds: 

2') If p splits in IC then 

(6.9) /l>,o,o) = -u. ^E"V"''ei?,[M]. 

(m,p) = l i>0 
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Proof. Let US go back to the preparatory discussion in the proof of Theorem 16. l-il 
In our case here A is an elhptic curve over Q with CM by an order of IC. By |2Hj . 
p. 180, there exists an elhptic curve A' over Q and an isogeny defined over Q, 
A ^ A', such that A' has CM by the ring of integers O/c of /C. Replacing A by 
A' we may assume that A itself has CM by Ojc- Since A is defined over Q, K. has 
class number one; cf. PP- 118, 121. By standard facts about elliptic curves 

with CM (F^, PP 184, 133) we have that for p large enough the following hold: 

I) If p does not split in JC then Af; has supersingular reduction, = 0, and 
Aj^^ doesn't have a lift of Frobenius. 

II) If p splits in IC then An has ordinary reduction, Up ^ mod p, and Aj^ has 
a lift of Frobenius. 

If we are in case I the argument in the proof of Theorem 16 . 31 applies . Assume we 
are in case II. Then, by 0, Theorem 1.10, ip gives rise to the series (still denoted 

by) 

^ = i(0-up)L(r)ei?p[[r]][rr. 

Then the (5— Fourier expansion of the form provided by the proof of Theorem 
12.51 equals 

fL,p = i>*V' 

- ci>*(i(0-up)L(r)) 

= i{(0-z.p)(L(r))}(^(g),%(<z))) 

(6.10) 

= ^{q^-up)LMq)) 

= i(</'-"P)(E„>ilf'?") 

= ^E„>iif('?"^-"M") 

and our Eauation l6.8l follows . 

Setting q' = q" = in this equation we get 

fL,,M0)^-J2^iq-r>-upq") 
^ n>l 



Note that for p not dividing n we get c„ = — Ma„/n. For n = p'm with p not 
dividing m and i > 1 we get, by Eauation l2.2l that 

— ' j ■ 

m p'- 

We claim that 

Cpi-i — uttpi = — pV"^^, 

and this will, of course, end the proof of the equality in Equation 16.91 To check 
the claim note that, for i = 1, we get ai — uap — —pu^. In general we proceed by 



C>1 



20 



ALEXANDRU BUIUM 



induction, using Equations 12.21 

api — uapi+i = flpi — u{apiap — pUpi-i) 

= (1 — uap)api + upUpi-i 

= —pu'^api + upUpi-i 

= up{api-i — Uttpi) 

= -p*+iu^+2, 

and our claim is proved. □ 

7. Independence of /* from / and /^"-^^ 

Using (5— Fourier expansions it is possible to prove a variant of the result on the 
independence of from / contained in assertion 2 of Theorem l2 . 51 and also a result 
on the independence of from f^^^\ 

Theorem 7.1. Let f e S'2(ro(A^), C) be a newform of weight 2 on To{N), N > 
4, with Kf = Q. For any sufficiently large prime p and any embedding p : 
Z[1/NXn] Rp let /" G M2(ri(iV),i?p,0) be the unique form in TheoremsW^or 
1 6'.. 51 according as f is of non-CM or CM type respectively. Then the following hold 

1) There is no G £ J such that G ■ f^ belongs to the J —linear span of 

{/^r^r^^r^^...}• 

2) /" does not belong to the lord^Hnear span in M^^^(ri(iV), 0) of 

|y(-i)p^ j(-i)p</'^ j(-i)p0' ^ j(-i)p</'' ^ 1^ 

Proof. We prove assertion 1. Since there are infinitely many primes I of ordinary 
reduction for the elliptic curve A we may choose two such distinct primes li and 
I2] so ai-^ai^ 0. Let p be a prime which is sufficiently big so that Theorem 16.31 
holds in case A doesn't have CM (respectively Theorem 16.51 holds in case A has 
CM) and, in addition, p does not divide hhih — l2)ciiiO,i2- Fix a homomorphism 
p : Z[l/A^, Cat] — >• Rp and let /" be the unique form in Theorem l6.3l in case A doesn't 
have CM (respectively the unique form in Theorem 16. 51 in case A has CM). 

Assume A doesn't have CM; the case when A has CM is entirely similar and left 
to reader. Assume there exists G <E J such that G • /" is a J— linear combination 
of forms fP'f' . Hence G ■ is a linear combination of forms F ■ f^'^ with 
F <£ J . By taking 5— Fourier expansions we get that Goo.p • f\o p i?p— linear 

combination of forms F^cp ■ fi^'^p- Reducing modulo p, setting q" = 0, and using 
Lemma l6 . 21 and Theorem 16 . 31 we have a congruence mod p of the form 

^ ^ \(m,p) = l / ]M>() ^ \m>l 

in Rp{{q))[q'Y, where s > 0, Ay £ Rp, and B{q,q') E Rp[[q]][q']- Let I be either li 
or I2. Identifying the coefficients of {q'Yq^^'P^ in the above Equation we get 

y = Aos • ai mod [p) 
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in Rp. Since a; ^ mod p we get 

1 = 1- Aos mod (p). 
So li = I2 mod p, a contradiction. 

We prove assertion 2. Assume /" = X]j>o '^i/^"^'*'"^^ ' -^j ^ -^o^-d- Lemma 
12.41 we may assume Xj G R. Looking at 5— Fourier expansions we get one of the 
following equalities: 

^E„>ilf('?"*'-«P9"*+P9") = E,>oE(„,p)=iA,^'Z"*^' 

(7.1) 

|E„>ilf(9"^-P«9") = E,>oE(„.p)=lA,^g"'^^ 

Setting g' = (/" = ... = and picking out the coefficient of q^^ we get Aq = 1, 
Ai = A2 = ... = in the first case and Xj = — in the second case respectively. 
In both situations we clearly get a contradiction. □ 

8. (5— Serre operators 

Recall from 6 , p. 255, that the Serre-Katz operators on modular forms JB], p. 
169, induce i?— derivations 

a, : Ar(ri(7V),i?,*)^i\r(ri(7V),i?,*), j>o, 

such that a w = J2 ^i4>^ then 

djM'\Ti{N),R,w) C A'r{Ti{N),R,w + 2<jy'). 
According to |16| (or [S], p. 255) the Ramanujan form defines an element 

PeM°,,(ri(7V),i?,2). 

(N.B: the P in 16. is 12 times the P in here we are using the P in |6|.) One 
can consider the P— derivations 

d* : AC(ri(iV), P, *) M:,,(ri(iV), P, w) ^ AC(ri(iV), P, *), 

weW{r) 

where, for w = '^ai(f)^, the restriction of d* to Ml^j^{Ti{N), R,w) equals 

Recall from [H|, p. 93, that one also defines 5** :— J2j>oP~'''^j- other hand 

one can consider the P— derivation 6 := q-j^ on := R{{q)y. Exactly as in 
p. 113, there exist unique P— derivations 

^j" : U "^oo ^ U 

r>0 r>0 

satisfying the properties 

(8.1) 0, 0^ = 0, on Si for s ^ j, 

ejO(fy' =p> -(jyi 06 on S'^. 
Lemma 8.1. For all j > 0, r > 0, w G W{r), we have an equality of maps 

E^^po d* ^ o E^^p : Kr{V^{N),R,w) SI,. 
In particular we have an equality of maps 

Eoo,p o d, = o E^^p : M'-(ri(Ar), P, ^) ^ S^^. 
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Proof. Same argument as in 6_, p. 259, where the case of Serre-Tate expansions 
(rather than Fourier expansions) was considered; to make that argument work one 
uses [El, p. 180. □ 

Remark 8.2. By p. 113, 9j sends each i?[[g]][(7', g'^'"']" into itself hence induces 
a X— derivation (still denoted by) 9j on K[[q, q''^^] which still satisfies Equations 
EH (with S^^ replaced by K[[q]]). 

In the next two Propositions we compute the effect of dj on 

Proposition 8.3. Assume the hypotheses and notation of Theorem \6.<A Then 

(8.2) d2f^^pf^\ ai/« = -ap/^ 9o/«-/. 
In particular = i(/^' - apf^+pf ). 

Proof. By Lemma [8. II Theorem 16.31 and Remark 18.21 one has: 

(52/«)oo.p = 02(/|o,p) 

= |E„>iif^2(^2(g")) 

02 

= p(E„>ia"9") 

By the 5— expansion principle (Lemma 16. l|l we get 92/' = pf^ ■ The other equali- 
ties are obtained in the same way. □ 

In a similar way one proves: 

Proposition 8.4. Assume the hypotheses and notation of Theorem \6.5l Then the 
following hold. 

1) Ifp splits in K, then Equations \H. 'A hold (with Op — 0). 

2) If p does not split in K. then 

(8.3) = .f^ 9o/» = ~uf. 
In particular 9,,/" = ^(/"^ ^ puf). 

Note that Equations 18.21 and 18.31 together with the condition that is in 
M'^{Ti{N),Rp, 0) (r = 1, 2) pin down up to an additive constant in R. 

9. The Hecke operator T{p)oo 

A direct attempt to define the Hecke operator T{p) on (5— modular forms along 
the lines of Equation 12.11 obviously fails. The "expected" definition of T{p) on 
arbitrary series in R[[q, q' , Q'^'^-']] is also easily seen to fail. We will define T{p)oo on 
a certain i?— submodule of R[[q, q' , g^''^]]; then ^ will be in that submodule and 
will turn out to be an eigenvector for T{p) oo with eigenvalue ap{f). By considering 
a slightly different i?— module of series we will show that the (5— Fourier expansions 
/oo,p of = fcrya S''^^ ^^^o eigenvectors of an appropriate version, T(p)oo,2, of 
T{p)oo with eigenvalues p{p + 1). 
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Definition 9.1. Let qi,...,qm be variables and let Si,...,Sm be the fundamental 
symmetric polynomials in gi, g™; so 

Si = qi + ... + qm, Sm — qi---qm- 

A series 

Gei?[[9i,...,g™,...,gi''\...,gW]] 
is S — symmetric if there exists a series 

e ...,qi\ 

such that 

(9.1) G{qi, ...,qm, ■■■,qi\ ■■■,qln') = G'(,„)(5'l, ...,Sm, ■..,S'^Sl, ...,S''Sm)- 

(The series G(m) is trivially seen to be unique; cf. [J].) 

On the other hand, for any series F G R[[q, q'^^^]] one can define the series 

The series TimF is not (5— symmetric in general. But there are important examples 
when TijnF is (5— symmetric; for instance we have: 

Lemma 9.2. Let T = (r\...,Tf) be a g-tuple of variables, let T e i?[[Ti,T2]]s 
be a formal group law, and let ip G i?[[T, ...,T('')]] be such that 

V'(.F(Ti, T2), 5-T{T,,T2)) = V'(Ti, T^'-^) + ^(Ta, T^'')) 
in the ring 

Let (p{q) e -^[[9]]^ be a g— tuple of series and let 

i^:=^(^(q),...,J'-(^(g))) ei?[[g,...,gW]]. 
Then Ti„iF is S~symmetric for all ni > 2. 

Proof. An easy exercise. Cf. also [Zj. □ 

Corollary 9.3. If fl, p is an in Theorems \6. and \ 6'. 51 then ^ is 5~symmetric 

for all m > 2. 

Proof. By Eg nations Ifi . 71 and 16 . 101 f L - can be written as 

^P{^{q),...,5^{^{q))) 

with ip and (p as in Lemma l9 . 21 and we may conclude by Lemma 19.21 □ 

Definition 9.4. Let F e gW]] be a series such that G :— T,pF is S— 

symmetric. Then define the action of the Hecke operator T{p)oc on F by 

(9.2) 

{T{pUF) F{qP, 6^'{qn) + G(p)(0, 0, q, 0, 0, q^) G i?[[<z, g^]]. 

Morally this should correspond to the Hecke action on 5— expansions of weight (of 
degree) 0. 
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Remark 9.5. If G = T,pF is 5— symmetric then so is G"^ = Ep(F'^) and we have 

= (G(p))'^. 

In particular T(j>)ao commutes with cj) in the sense that 
for any F for which Epi^ is (5— symmetric. 

Remark 9.6. If F = J2n>i '^n'?" ^ ^[M] then EpF is (S— symmetric and 

(9.3) T{p)^F = ^ c„g"f + p ^ c„pg". 

n>l )i>l 

Indeed note that if 

(9.4) q^ + ... + q;^P,,{Si,...,Sp) 

with Pn a weighted homogeneous polynomial with Z— coefficients of degree n (with 
respect to the weights 1, 2, ...,p) then P„(0, 0, q) is either mq^^P (with m S Z) or 
according as p divides n or not. In case n/p e Z, specializing g^ i-^ Cpi Cp '■— e^'^^^P, 
we get S'i I— !■ for < i < p—l and S'p i—> 1 so Eg nation 19 . 41 vields p — m. Equation 
19. 31 follows. Formula l9.3l is. in some sense, what one would expect the action of T(p) 
to yield on series of order and weight 0. 

Remark 9.7. One can introduce a variant over K of the above definitions. A series 

GeX[[gi,...,g„„...,g('-\...,gW]] 
is K — S— symmetric if there exists a series 

G(„) e K[[qi, ...,qm, ■■■,qi\ -.q^]] 
such that Equation 19.11 holds. (The series G(m) is, again, trivially seen to be 
unique; cf. [?]■) For any series F £ K[[q, ...,q^^^] one can define the series T,mF e 
i^[[gi, ...,qm, Qra]] as before. If F is such that T,pF is K — (5— symmetric 

we define T{p)^F e if [[g, by the formulaic Then Remarks lO and 1^ 
hold verbatim with R replaced by K and the words "(5— symmetric" replaced by 
"K — (S— symmetric" . 

Definition 9.8. A series F £ R[[q, g*-'^'']] is an eigenvector hi T{p)^ with eigen- 
value A G i? if Sp-F is (5— symmetric and 

(9.5) Tip)^F - A • F. 

Proposition 9.9. Let f = ^Unq" and be as in Theorems \6.S\ and \6.5\ resvec- 
tively. Then ^ is an eigenvector ofT{p)rx! with eigenvalue Up = ap{f). 



Proof. By Corollary 19.31 "^pf^^p is (5— symmetric. Now we think of /*^_^ as an 
element of if [[g, g', g"]] or if[[g, g']] respectively and we consider the extension of 
T{p)oo "over if" discussed in Remark 19.71 Since T[p)oo commutes with cf) it is 
enough to check that 



n 

is an eigenvector of T{p)ao with eigenvalue ap. This can be checked directly as 
follows. First note that, by Equations 12 . 21 we have 

P^n/p ^" ^np — ^p^n: Tl ^ \. 
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Then, by Remark 19.61 we have 

°-n/p „K I "tip „n 

— n/j, 9 + „ 9 

E PaTi/p+"np K 
n y 

□ 

One can develop a variant of T{p)oo by allowing it to act on certain series with 
denominators. We need a preparation. We continue to denote by Si,...,Sp the 
fundamental symmetric polynomials in qi, qp and we let si, Sp be variables. 

Lemma 9.10. Consider the R— algebras 

A R[[s,,...,sp]][s;'ns[,...,s'^,...,s['\...,si'^]\ 

B := R[[qi,...,qp]][q^^...qp^Y[q[,...,q'p,...,q[''\...,q^p'']''. 

Then the natural algebra map 

is injective with torsion free cokernel. 

Proof. Let tJi, (Tp_i be variables and let Ei,...,Ep_i G R[Si, Sp] be defined 

by 

■.= q{ + ... + ql,. 

Note that 

i?[Si, .... Sp_i, Sp] = R[Si, Sp]. 
So there is a natural isomorphism C A where 

C := R[[(Ti, ...,ap-i,Sp]][Sp'^]''[a[, ...,0'^^-^, s'^, ...,a'(\ cr^l\, s^''^]" 
such that the composition C A ^ B is given by 

af^S'^j, sf^S'Sp. 
So it is enough to prove that C®k^B®k\s injective. We have 

C ®k = k[[ai, ...,crp_i,Sp]][s~i][CT;, ...,ap_-^,s'p, ...,a'(\ f7^'_\, 4''^], 

B®k = k[[qi,...,qp]][q':[^...q-^][q[,...,q'p,...,q(\...,q^'^]. 
Now the morphism 

fc[cri, ...,crp_i,Sp] = k[si,...,Sp] ^ k[qi,...,qp] 
is finite and flat, and (gi, qp) is the unique maximal ideal lying over 

(tTl, tTp_l, Sp). 

Hence the ring homomorphism 

fc[[cri,...,crp-i,Sp]] -> ...,gp]] 
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is faithfully flat, hence injective, so we have an inclusion L C M of their fraction 
fields. It is enough to show that the map 

in injective. We will show (and this will end our proof) that for each i = 0,...,r 
the images of 



(9.6) 

in the ring 



M[g;,...,g;,...,g(^\...,gW] 
are algebraically independent over 



Now one checks by induction on i that for all a = 1, — 1 



where 



M[q[, ...,q^ 
tion o 

<5'S„ = f](ag;(''-^))^'*gf + 0(i - 1) + pO(z 
0(i) 



and 0{i — 1) has the corresponding meaning. Similarly one has 
S'Sp ^j^^lf^pl^jf +pO{i)+pO{i - 1). 

So the images of the polvnomials 19. til in the ring 

fc[gi,...,9p,...,gJ*\...,gW] 

are (non-homogeneous) linear polynomials in q''^\ ...^qp'^ with coefficients in 

k[qi, ...,qp, 

So we need to check that the matrix of the coefficients oi q[^\ . . . , qp'' in the reductions 
mod p of the polvnomials I9.()l is non-singular. But this matrix is the p'— th power 
of the matrix 

1 \ 



1 

2gf 



{p-l)qt'^^ 
V Sp/qi 
which is clearly non-singular. 



ip-m' 



{p-2)p 



□ 



Definition 9.11. In the notations of Lemma fy.lUI an element G £ B will be called 
Laurent 5— symmetric if it is the image of some element G(p) G A (which is then 
unique by LemmaEini). For any F G R{{q)y[q' , g^*^)]' such that 



p 

SpF:= VF(g„...,g|'-))Gi3 
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is Laurent (5— symmetric we may define 

TipUmF FiqP, S'-igP)) + p"G(p)(0, 0, q, 0, 0, gW) £ R[[q, ...,(?«]]. 

We write T{p)ooF = T{p)oo,qF. A series F G is a Laurent 

eigenvector of T{p)oa.m with eigenvalue A G i? if Sp-F is Laurent (5— symmetric 
and T{p)oa.mF = X ■ F. The various values of m morally correspond to the Hecke 
action on (5— Fourier expansions of (5— modular forms of various weights w (with 
deg{w) = —to). 

Remark 9.12. If F G then one can consider the following condi- 

tions: 

a) SpF is (5— symmetric; 

b) SpF is Laurent i5— symmetric. 

A priori none of these conditions seems to imply the other. On the other hand 
one can trivially see that /" in Theorems 16 . 31 and 16 . 51 is not only i5— symmetric but 
also Laurent (5— symmetric and a Laurent eigenvector for T{p)oo with eigenvalue 
ap(/)- 

Proposition 9.13. For any r > 1 the 5— Fourier expansion 

/Lpei?((g)r 

of the 5— modular form 

is a Laurent eigenvector for r(p)oo,2 with eigenvalue p{p + 1). 

Proof. By Lemma [6.21 it is enough to show that '^'^ are Laurent eigenvectors for 
T{p)oo,2 with eigenvalues p{p + 1). Now 'i''^ is Laurent (5— symmetric because 

Moreover, since 

^^\qP,...,S^+\qP))^^^(llog^) = p ■ ^>^\ 

we have 

□ 

We end by stating a result (to be proved in a subsequent paper) showing that 
there is an interesting relationship between (Laurent) 5— symmetry and 5— char- 
acters. This result is, in some sense, a "converse" of the existence results for in 
the present paper. We assume, in what follows, that Xi{N) has genus at least 2. 
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Theorem 9.14. Fix an embedding p : Z[l/A^, Cat] Rp and a S — modular form G G 
M''(ri(iV), i?, 0). Assume G is 6~holomorphic, G vanishes at cx)j and SpGroo,p 
either S — symmetric or Laurent S~ symmetric. Then G = tpofj where (3 : Xi(N)]i — > 
JiiN)R is the Abel-Jacobi map (corresponding to oo) and : Ji{N)fi —>■ Ga.R is a 
5— character. (In particular G is automatically a 5— cusp form.) 

The case when EpGocp i5— symmetric foUows directly from the main Theorem 
of [7j. The case when T,pGoo,p is Laurent 5— symmetric can be proved in an entirely 
similar way. 

Remark 9.15. Given a classical newform / — 'Y^anQ^ £ S'2(ro(A^), C), an embed- 
ding p : Of[^/MN, C,n\ Rp (where the cusps are defined over Of[^/M]), and an 
embedding x ■ O^j^^^ Rp one is naturally lead to try to compute the i?— module 
M = M{f, p, X, r.p) of all 5— modular forms G € M^(Ti{N), Rp, 0) satisfying the 
following properties: 

1) G is a (5— cusp form (with respect to p), 

2) G belongs to / (outside Np) with character x and exponent 0, 

3) Goo,p is an eigenvector (respectively a Laurent eigenvector) of T{p)oo with 
eigenvalue x(ap). 

By Proposition I9.14| and Theorem 14.11 rank A4 < rgi{N) where gi{N) is the 
genus of Xi{N)c. One should expect a much better bound for rank B. Of course, 
by Theorems lO and ESI plus Proposition EH if .g = [Kj : Q] = 1 then ^ e M. 
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